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Abstract
As for extending real-valued continuous functions or continuous pseudometrics on a subspace
to the whole space, notions of z-, C∗-, C-, P - and Pγ -embeddings are known. As a cardinal
generalization of z-embedding, Blair defined in 1985 the notion of zγ -embedding with γ > ω,
where zω-embedding coincides with z-embedding. On the other hand, since Pω-embedding equals
C-embedding, Pγ -embedding can be also regarded as a cardinal generalization of C-embedding.
Recently Ohta asked if a cardinal generalization ofC∗-embedding can be defined so that this property
plus Uω-embedding is equal to Pγ -embedding, and it is itself equals C∗-embedding in case γ = ω.
In this paper, we give a cardinal generalization of C∗-embedding, called (P ∗)γ -embedding, and
answer this problem. As a characterization of (P ∗)γ -embedding, we show that (P ∗)γ -embedding
naturally admits its description by using continuous maps from a subspace into the hedgehog with
γ spines. We also give a new extension-like property called weak zγ -embedding, with which z-
(respectively C∗-, C- or Uω-) embedding equals zγ - (respectively (P ∗)γ -, Pγ - or Uγ -) embedding.
Ó 2000 Elsevier Science B.V. All rights reserved.
Keywords: C∗-embedding; Pγ -embedding; zγ -embedding; C-embedding; z-embedding;
Well-embedding; Uγ -embedding; Hedgehog; Approximation
AMS classification: Primary 54C20, Secondary 54C45; 54C05; 54C55
1. Introduction
Throughout this paper by a space we mean a topological space, and γ denotes an infinite
cardinal number.
We state the definitions of some familiar extension properties of a subspace of a space;
basic references are [1,5,6,9,16]. Let X be a space and A a subspace. Then A is C-
embedded (respectively C∗-embedded) in X if every real-valued (respectively bounded
real-valued) continuous function on A can be extended to a real-valued continuous
E-mail address: kaori@math.tsukuba.ac.jp (K. Yamazaki).
0166-8641/00/$ – see front matter Ó 2000 Elsevier Science B.V. All rights reserved.
PII: S0166-8641(99)0 01 25 -X
138 K. Yamazaki / Topology and its Applications 108 (2000) 137–156
function over X. A is P -embedded (respectively Pγ -embedded) in X if every continuous
pseudometric (γ -separable continuous pseudometric) on A can be continuously extended
over X [18]. A is z-embedded in X if every zero-set in A is the intersection of A with
some zero-set in X. In case γ = ω, Pω-embedding coincides with C-embedding [1,
Theorem 16.4]. In [3] Blair defined the notion of zγ -embedding (see Section 2 for the
definition) which also coincides with z-embedding in case γ = ω. Thus, Pγ -embedding or
zγ -embedding can be viewed as a cardinal generalization ofC-embedding or z-embedding,
respectively. However, as for C∗-embedding, no such generalization has been known
so far.
In discussing extension properties and several other topological properties, Ohta recently
asked in [16, Problem 2.5] if an extension property can be defined so that this property
plus Uω-embedding (see Section 3 for the definition of Uγ -embedding) is equal to Pγ -
embedding, and it is itself equal C∗-embedding in case γ = ω; he suggested to the author
that this extension property might be called (P ∗)γ -embedding.
In the present paper, we define an extension property, which we call (P ∗)γ -embedding,
and show that this property satisfies the requirements in Ohta’s problem above and further
satisfies “(P ∗)γ is equal to C∗ + zγ ”. Recall Blair’s theorem “Pγ is equal to C + zγ ”
[3, p. 21]. In Section 3, (P ∗)γ -embedding is characterized by continuous maps into the
hedgehog with γ spines. In [17] and [3], Pγ -embedding and zγ -embedding have been
characterized in terms of these maps (see Lemmas 2.1 and 2.2).
In Section 4, approximations of continuous hedgehog-valued maps on a subspace to
continuous hedgehog-valued ones over the whole space will be used to describe Pγ -,
(P ∗)γ - and zγ -embedding. In particular, first, we show that the differences among these
embeddings depend only on the number of spines of J (γ ) on which approximations can
be made (Theorems 4.1 and 4.2). Secondly, again using approximations, we give other
characterizations of Pγ -embedding and zγ -embedding (Theorems 4.7 and 4.9); for zγ -
embedding, the result was stated in Tsukada [19], but the proof contains several indistinct
parts.
In Section 5, extending zγ -embedding, we define another type of extension-like property
called weak zγ -embedding. It is shown that under weak zγ -embedding z- (respectively
C∗-, C- or Uω-) embedding equals zγ - (respectively (P ∗)γ -, Pγ - or Uγ -) embedding. We
note that no such property has been known under which all of these equalities hold.
2. Preliminaries
Let us first recall the definition of the hedgehog with γ spines (e.g., [5]). Let Iξ = [0,1]×
{ξ} for every ξ < γ . Define the equivalence relation E on ⋃ξ<γ Iξ as (x, ξ1)E(y, ξ2)
whenever x = y = 0 or (x = y and ξ1 = ξ2). Denote by J (γ ) the set of all equivalence
classes of E and define a metric on J (γ ) as follows:
ρ
(
(x, ξ1), (y, ξ2)
)= { |x − y| if ξ1 = ξ2,
x + y if ξ1 6= ξ2
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for every (x, ξ1), (y, ξ2) ∈ J (γ ). We call J (γ ) with this metric the hedgehog with γ
spines. θ stands for the class of J (γ ) consisting of (0, ξ), ξ < γ . And we define the
continuous functionΠ :J (γ )→[0,1] byΠ((x, ξ))= x and the map j : (J (γ )−{θ})→ γ
by j ((x, ξ))= ξ . In particular, we admit in this paper the case that the number of spines is
finite and denote by J (n) the hedgehog with n spines.
Let X be a space and A a subspace. For a cover U of A and a collection V of subsets of
X which coversA, V ∧A< U denotes “{V ∩A | V ∈ V} refines U”. The characterizations
of Pγ -embedding below are due to Alò and Shapiro [1], Engelking [5], Morita [12] and
Przymusin´ski [17].
Proposition 2.1. Let X be a space and A a subspace. The following statements are
equivalent:
(1) A is Pγ -embedded in X;
(2) for every locally finite cover U of cozero-sets of A with |U | 6 γ there exists a
locally finite (or equivalently, σ -locally finite) cover V of cozero-sets of X such
that V ∧A< U ;
(3) for every continuous map f :A→ J (γ ) there exists a continuous map g :X→ J (γ )
such that g|A= f ;
(4) for every continuous map f :A→ Y into a ˇCech complete AR space (= AR for
metric spaces) Y with weight Y 6 γ there exists a continuous map g :X→ Y such
that g|A= f .
Next we mention zγ -embeddings. Let X be a space and A a subspace. By Blair [3], A is
said to be zγ -embedded inX if every normal open cover U ofA with |U |6 γ , there exists a
cozero-setG ofX containingA and a normal open cover V ofG such that V ∧A< U . If A
is zγ -embedded in X for every γ , A is said to be z∞-embedded inX. By [3, Theorem 3.5],
zω-embedding coincides with z-embedding. A is said to be well-embedded in X if A is
completely separated from any zero-set disjoint from A. By [3, Theorem 4.6], A is zγ -
embedded and well-embedded in X if and only if A is Pγ -embedded in X; we briefly
write this fact by “Pγ = zγ+ well”. By this fact, we have other facts “C = z+ well” [4,
Corollary 3.6.B] and “C = C∗+ well” [6, p. 19].
For collections {Fα | α ∈Ω} and {Gα | α ∈Ω} of subsets of a space, {Gα | α ∈Ω} is
said to be an expansion of {Fα | α ∈ Ω} if Fα ⊂ Gα for every α ∈ Ω . And a collection
E of subsets of X is said to be uniformly locally finite (respectively uniformly discrete) in
X if there exists a normal open cover U of X such that each member of U intersects at
most finitely many (respectively at most one) members of E . By Morita [13] or Ohta [15]
(respectively Blair [3]), {Eα | α ∈ Ω} is uniformly locally finite (respectively uniformly
discrete) in X if and only if there exists a locally finite (respectively discrete) collection
{Gα | α ∈ Ω} of cozero-sets of X and a collection {Zα | α ∈ Ω} of zero-sets of X such
that Eα ⊂ Zα ⊂Gα for every α ∈Ω . From now on, we often use the following two facts:
The first is that, by Morita and Hoshina [14], if a collection {Fα | α ∈ Ω} of zero-sets
has a locally finite expansion of cozero-sets (i.e., {Fα | α ∈Ω} is uniformly locally finite
collection of zero-sets), then ⋃{Fα | α ∈Ω} is a zero-set. The second is that, by Blair [3],
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if {Hξ | ξ < γ } is a disjoint collection of open subsets ofX and⋃ξ<γ Hξ = h−1((0,1]) for
some continuous function h :X→[0,1], then the map g :X→ J (γ ) is continuous, where
g is defined by g(x)= (h(x), ξ) if x ∈Hξ (ξ < γ ); g(x)= θ otherwise. Other terminology
are referred to [1,5,6,9].
The following fact due to Hoshina [8] is frequently used: A is zγ -embedded in X if and
only if for every locally finite cover U of cozero-sets of A with |U |6 γ there exists a σ -
locally finite collection V of cozero-sets ofX such that V coversA and V∧A< U . We now
give below some other equivalent conditions of zγ -embedding. In particular, (1)⇔ (4) of
Lemma 2.2 was proved by Blair [3, Theorem 3.8]. Here we give a proof for the sake of
convenience.
Lemma 2.2. Let X be a space and A a subspace. Then the following statements are
equivalent:
(1) A is zγ -embedded in X;
(2) for every discrete collection {Gα | α < γ } of cozero-sets of A and every collection
{Fα | α < γ } of zero-sets of A with Fα ⊂Gα for each α < γ , for each i < ω there
exists a locally finite collection Hi = {Hiα | α < γ } of cozero-sets of X such that
Hiα ∩A⊂Gα for each α < γ , i < ω and Fα ⊂⋃{Hiα | i < ω} for each α < γ ;
(3) for every disjoint collection {Gα | α < γ } of cozero-sets of A for which⋃{Gα | α <
γ } is a cozero-set of A, there exists a disjoint collection {Hα | α < γ } of cozero-sets
ofX such thatHα∩A=Gα for each α < γ and⋃{Hα | α < γ } is a cozero-set ofX;
(4) for every continuous map f :A→ J (γ ), there exists a continuous map g :X→
J (γ ) such that g−1((0,1])× {ξ})∩A= f−1((0,1] × {ξ}) for each ξ < γ .
Proof. To prove (1)⇒ (2), assume A is zγ -embedded in X. Let {Gα | α < γ } be a
discrete collection of cozero-sets of A and {Fα | α < γ } a collection of zero-sets of A
with Fα ⊂ Gα for each α < γ . Then {Gα | α < γ } ∪ {A −⋃α<γ Fα} is a locally finite
cover of cozero-sets of A. By the fact mentioned above by Hoshina, there exists a σ -
locally finite collection V of cozero-sets of X such that V covers A and V ∧ A refines
{Gα | α < γ } ∪ {A−⋃α<γ Fα}. We can express V =⋃i<ω Vi , where Vi is locally finite
in X for each i < ω. Put Hiα =⋃{V ∈ Vi | V ∩ Fα 6= ∅} for each α < γ and i < ω. Then
each Hiα is a cozero-set of X. Since {Gα | α < γ } is disjoint, {Hiα | α < γ } is locally
finite for each i < ω. And we can verify that Hiα ∩ A ⊂ Gα for each α < γ , i < ω and
Fα ⊂⋃{Hiα | i < ω} for each α < γ . Hence (2) is satisfied.
To prove (2)⇒ (1), assume (2) is satisfied. Let U be a locally finite cover of cozero-sets
of A with |U |6 γ . Take a cover {Gnα | α < γ , n < ω} of cozero-sets of A which refines U
and a cover {Fnα | α < γ, n < ω} of zero-sets of A such that {Gnα | α < γ } is discrete in A
for each n < ω and Fnα ⊂Gnα for each α < γ, n < ω. From the assumption, there exists a
locally finite collection Hni = {Hniα | α < γ } of cozero-sets of X for each i < ω satisfying
thatHniα∩A⊂Gnα for each α < γ, i < ω and Fnα ⊂
⋃{Hniα | i < ω} for each α < γ . Hence
{Hniα | α < γ ; i, n < ω} is a σ -locally finite collection of cozero-sets of X which covers A
and satisfies {Hniα | α < γ ; i, n < ω} ∧A< U . Hence by the result of Hoshina again, A is
zγ -embedded in X.
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To prove (2)⇒ (3), assume (2) to be satisfied. Let {Gα | α < γ } be a disjoint collection
of cozero-sets of A and
⋃{Gα | α < γ } is a cozero-set of A. Let f :A→ [0,1] be
a continuous function with
⋃{Gα | α < γ } = f−1((0,1]). Now, fix an n ∈ N. Then,
{Gα ∩ f−1((1/(n+ 1),1]) | α < γ } is a discrete collection of cozero-sets of A. We shall
show Gα ∩ f−1([1/n,1]) is a zero-set of A for each α < γ . Since ⋃{Gβ | β 6= α; β < γ }
is a cozero-set of
⋃
β<γ Gβ and
⋃
β<γ Gβ is a cozero-set of A, we have
⋃{Gβ | β 6=
α; β < γ } is a cozero-set of A. Since
Gα ∩ f−1
([
1
n
, 1
])
=
(
A−
⋃{
Gβ | β 6= α; β < γ
})∩ f−1([ 1
n
, 1
])
,
Gα ∩ f−1([1/n,1]) is a zero-set of A.
Therefore for {Gα ∩ f−1((1/(n+ 1),1]) | α < γ } and {Gα ∩ f−1([1/n,1]) | α < γ },
from (2), there exists a locally finite collection Hni = {Hniα | α < γ } of cozero-sets of X
for each i < ω such that Hniα ∩ A ⊂ Gα ∩ f−1((1/(n + 1),1]) for each α < γ, i < ω
and Gα ∩ f−1([1/n,1])⊂⋃{Hniα | i < ω} for each α < γ . For each α < γ and i < ω,
let gniα :X→ [0,1] be a continuous function such that Hniα = (gniα)−1((0,1]). Put Znjiα =
(gniα)
−1([1/j, 1]) and Wnjiα = (gniα)−1((1/j, 1]) for each j ∈ N. Then {Wnjiα | α < γ }
and {Znjiα | α < γ } are locally finite in X for each j,n ∈ N and i < ω. Notice that
{Znjiα | α < γ } has a locally finite expansion {Wn(j+1)iα | α < γ } of cozero-sets of X.
Since the indices {(n, i, j) | n, j ∈N, i < ω} can be reordered into ω, there exist locally
finite collections Zk = {Zkα | α < γ } (k < ω) of zero-sets of X and Wk = {Wkα | α <
γ } (k < ω) of cozero-sets of X such that⋃
{Zkα | k < ω} =
⋃
{Wkα | k < ω},
Gα =
(⋃
{Wkα | k < ω}
)
∩A
for each α < γ and Wkα ⊂Zkα for each α < γ, k < ω. Let
Hα =
⋃
k<ω
(
Wkα −
⋃
{Zjβ | β 6= α, β < γ ; j 6 k}
)
for each α < γ . Then, {Hα | α < γ } is a disjoint collection of cozero-sets of X with
Hα ∩A=Gα for each α < γ . Since⋃
{Hα | α < γ } =
⋃
α<γ
⋃
k<ω
(
Wkα −
⋃
{Zjβ | β 6= α, β < γ ; j 6 k}
)
=
⋃
k<ω
⋃
α<γ
(
Wkα −
⋃
{Zjβ | β 6= α, β < γ ; j 6 k}
)
and {Wkα−⋃{Zjβ | β 6= α, β < γ ; j 6 k} | α < γ } is a locally finite collection of cozero-
sets of X,
⋃{Hα | α < γ } is a cozero-set of X. Hence (3) is satisfied.
To prove (3) ⇒ (4), assume (3) is satisfied. Let f :A → J (γ ) be a continuous
map. Then {f−1((0,1] × {ξ}) | ξ < γ } is a disjoint collection of cozero-sets of A and⋃{f−1((0,1] × {ξ}) | ξ < γ } is a cozero-set of A. From the assumption, there exists a
disjoint collection {Hξ | ξ < γ } of cozero-sets of X such that Hξ ∩A= f−1((0,1] × {ξ})
for each ξ < γ and
⋃{Hξ | ξ < γ } is a cozero-set ofX. By the fact mentioned above, there
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exists a continuous map g :X→ J (γ ) such that g−1((0,1]× {ξ})∩A= f−1((0,1]× {ξ})
for each ξ < γ . Hence (4) is satisfied.
To prove (4)⇒ (2), assume (4) to be satisfied. Let {Gα | α < γ } be a discrete collection
of cozero-sets of A and {Fα | α < γ } a collection of zero-sets of A with Fα ⊂ Gα
for each α < γ . Since
⋃
α<γ Gα is a cozero-set of A and
⋃
α<γ Fα is a zero-set of
A, there exists a continuous function h :A→ [0,1] such that ⋃α<γ Fα = h−1({1}) and⋃
α<γ Gα = h−1((0,1]). Define a continuous map f :A→ J (γ ) by
f (a)=
{
(h(a),α) if a ∈Gα (α < γ ),
θ otherwise.
And we have that
f−1
({θ})=A−⋃
α<γ
Gα,f
−1((0,1] × {α})=Gα and
f−1
({1} × {α})= Fα
for each α < γ . From the assumption, there exists a continuous map g :X→ J (γ ) such
that g−1((0,1]× {α})∩A= f−1((0,1]× {α}) for each α < γ . PutHnα = g−1((1/n,1]×
{α}) for each α < γ, n ∈ N. Then, we have that {Hnα | α < γ } is a discrete collection
of cozero-sets of X for each n ∈ N, that Hnα ∩ A ⊂ Gα for each α < γ, n ∈ N and that
Fα ⊂⋃{Hnα | n ∈N} for each α < γ . Thus (2) is satisfied. The proof is complete. 2
Remark 2.3. Each of the following conditions is also equivalent to each of the statements
of Lemma 2.2:
(2)′ for every disjoint collection {Gα | α < γ } of cozero-sets of A satisfying ⋃{Gα |
α < γ } is a cozero-set of A and every collection {Fα | α < γ } of zero-sets of A with
Fα ⊂Gα for each α < γ , the conclusion of (2) of Lemma 2.2 follows;
(3)′ for every discrete collection {Gα | α < γ } of cozero-sets of A, the conclusion of (3)
of Lemma 2.2 follows.
3. (P ∗)γ -embedding
In this section, we give the definition of (P ∗)γ -embedding and some fundamental
facts. Let X be a space and A a subspace. A is said to be (P ∗)γ -embedded in X if
for every disjoint collection {Uα | α < γ } of cozero-sets of A for which ⋃{Uα | α < γ }
is a cozero-set of A and for any finitely many α1, . . . , αn’s < γ with any continuous
functions fαi :A → [0,1] (i = 1, . . . , n) satisfying Uαi = f−1αi ((0,1]), there exists a
disjoint collection {U∗α | α < γ } of cozero-sets of X and continuous functions f ∗αi :X→[0,1] (i = 1, . . . , n) such that the following conditions are satisfied;
(a) ⋃{U∗α | α < γ } is a cozero-set of X,
(b) U∗α ∩A=Uα for every α < γ , and
(c) (f ∗αi )−1((0,1])=U∗αi and f ∗αi |A= fαi for each i = 1, . . . , n.
A subspace A of a space X is said to be P ∗-embedded in X if A is (P ∗)γ -embedded in X
for every γ . Clearly, (P ∗)γ -embedding implies (P ∗)γ ′ -embedding if γ > γ ′.
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From (3) of Lemma 2.2 and the definition of (P ∗)γ -embedding, we have the following
proposition.
Proposition 3.1. IfA is a (P ∗)γ -embedded subspace of a spaceX, thenA is zγ -embedded
in X.
The following theorem is our main result in this paper.
Theorem 3.2. Let X be a space and A a subspace. Then the following statements are
equivalent:
(1) A is (P ∗)γ -embedded in X;
(2) for every disjoint collection {Uα | α < γ } of cozero-sets of A for which ⋃{Uα |
α < γ } is a cozero-set of A and for any α1 < γ with any continuous function
fα1 :A → [0,1] satisfying Uα1 = f−1α1 ((0,1]), there exists a disjoint collection{U∗α | α < γ } of cozero-sets of X and a continuous function f ∗α1 :X→ [0,1] such
that the conditions (a), (b) and (c) of the definition of (P ∗)γ -embedding are satisfied;
(3) for every discrete collection {Uα | α < γ } of cozero-sets of A, any finitely many
α1, . . . , αn’s< γ and any zero-set Zαi (i = 1, . . . , n) ofA satisfying Zαi ⊂Uαi (i =
1, . . . , n), there exists a disjoint collection {U∗α | α < γ } of cozero-sets of X and
zero-sets Z∗αi (i = 1, . . . , n) of X such that the conditions
(a) ⋃{U∗α | α < γ } is a cozero-set of X,
(b) U∗α ∩A= Uα for every α < γ , and
(c)′ Z∗αi ∩A=Zαi and Z∗αi ⊂U∗αi for each i = 1, . . . , n are satisfied;
(4) for every discrete collection {Uα | α < γ } of cozero-sets of A, any α1 < γ and a
zero-set Zα1 of A satisfying Zα1 ⊂ Uα1 , there exists a disjoint collection {U∗α | α <
γ } of cozero-sets of X and a zero-set Z∗α1 of X such that the conditions (a), (b) and
(c)′ of (3) are satisfied;
(5) A is C∗- and zγ -embedded in X;
(6) for every continuous map f :A→ J (γ ) and any finitely many ξ1, . . . , ξn’s < γ ,
there exists a continuous map g :X→ J (γ ) such that the conditions
(i) g(a)= f (a) for each a ∈ f−1(⋃ni=1((0,1] × {ξi})), and
(ii) g−1((0,1] × {ξ})∩A= f−1((0,1] × {ξ}) for each ξ < γ are satisfied;
(7) for every continuous map f :A→ J (γ ) and any ξ1 < γ , there exists a continuous
map g :X→ J (γ ) such that (i) and (ii) of (6) are satisfied.
Proof. (1)⇒ (2), (1)⇒ (3), (2)⇒ (4) and (3)⇒ (4) are easy to prove.
To prove (4)⇒ (5), we assume (4) to be satisfied. To prove (2) of Lemma 2.2, let
{Gα | α < γ } be a discrete collection of cozero-sets of A and {Fα | α < γ } be a collection
of zero-sets of A with Fα ⊂ Gα for every α < γ . From the assumption, there exists a
disjoint collection {G∗α | α < γ } of cozero-sets of X such that
⋃
α<γ G
∗
α is a cozero-set of
X and G∗α ∩ A= Gα for every α < γ . Let f :X→ [0,1] be a continuous function such
that
⋃
α<γ G
∗
α = f−1((0,1]). Then, {G∗α ∩ f−1((1/n,1]) | α < γ } is a discrete collection
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of cozero-sets of X for each n ∈N and Fα ⊂⋃n∈N(G∗α ∩ f−1((1/n,1])) for each α < γ .
Hence A is zγ -embedded in X.
Because every two disjoint zero-sets of A are completely separated in X, A is C∗-
embedded in X (e.g., [1, Theorem 6.6] or [6, p. 18]).
Next we shall show (5)⇒ (6). Assume that A is zγ - and C∗-embedded in X. Let
f :A→ J (γ ) be a continuous map and ξ1, . . . , ξn finitely many elements of γ . Let
Uξ = f−1((0,1] × {ξ}) for every ξ < γ . Define continuous functions fi :A→ [0,1]
(i = 1, . . . , n) by
fi(a)=
{
(Π ◦ f )(a) if a ∈ Uξi ,
0 otherwise
for every i = 1, . . . , n. Then it follows that
f−1i
(
(0,1])=Uξi (1)
for each i = 1, . . . , n. Since ⋃{Uξ | ξ < γ ; ξ 6= ξ1, . . . , ξn} is a cozero-set of A, there
exists a continuous function k :A→ [0,1] such that ⋃{Uξ | ξ < γ ; ξ 6= ξ1, . . . , ξn} =
k−1((0,1]). Define a continuous map h :A→ J (n+ 1) by
h(a)=
{
(fi(a), i) if a ∈Uξi (i = 1, . . . , n),
(k(a), 0) if a ∈⋃{Uξ | ξ < γ ; ξ 6= ξ1, . . . , ξn},
θ otherwise.
Since J (n+ 1) is compact AR and A is C∗-embedded in X, there exists a continuous map
h∗ :X→ J (n+1) such that h∗|A= h (e.g., [9, Theorem 2.8(a)]). Since A is zγ -embedded
in X and {Uξ | ξ < γ ; ξ 6= ξ1, . . . , ξn} is a disjoint collection of cozero-sets of A whose
union is a cozero-set of A, there exists a disjoint collection {Vξ | ξ < γ ; ξ 6= ξ1, . . . , ξn}
of cozero-sets of X such that
⋃{Vξ | ξ < γ ; ξ 6= ξ1, . . . , ξn} is a cozero-set of X and
Vξ ∩A=Uξ for each ξ < γ , ξ 6= ξ1, . . . , ξn because of (3) of Lemma 2.2. Put
V ∗ξ = Vξ ∩ h∗−1
(
(0,1] × {0})
for every ξ < γ , ξ 6= ξ1, . . . , ξn. Since ⋃{V ∗ξ | ξ < γ ; ξ 6= ξ1, . . . , ξn} is a cozero-set of
X, there exists a continuous function ` :X→[0,1] such that `−1((0,1])=⋃{V ∗ξ | ξ < γ ;
ξ 6= ξ1, . . . , ξn}. Define a map g :X→ J (γ ) by
g(x)=
 ((Π ◦ h
∗)(x), ξi) if x ∈ h∗−1((0,1] × {i}) (i = 1, . . . , n),
(`(x), ξ) if x ∈ V ∗ξ (ξ < γ, ξ 6= ξ1, . . . , ξn),
θ otherwise.
We shall show that g is continuous. To see this, pick an x ∈X arbitrarily and let ε > 0 be
arbitrarily. It suffices to show for the case
x /∈
n⋃
i=1
h∗−1
(
(0,1] × {i})∪⋃{V ∗ξ | ξ < γ ; ξ 6= ξ1, . . . , ξn}.
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Since `(x) = 0 and ` is continuous, there exists a neighborhood Ox of x in X such that
`(Ox)⊂ [0, ε). We first assume h∗(x)= θ . Then there exists a neighborhoodO ′x of x such
that
h∗(O ′x)⊂
n⋃
i=0
([0, ε)× {i}).
Then we can easily show that ρ(g(x), g(y)) < ε for each y ∈Ox ∩O ′x . Next we assume
h∗(x) ∈ (0,1]×{0}. Then we have ρ(g(x), g(y)) < ε for each y ∈Ox∩h∗−1((0,1]×{0}).
Hence g is continuous.
To prove (i), pick an a ∈ f−1((0,1] × {ξi}) for some i = 1, . . . , n. Since a ∈
f−1((0,1] × {ξi})=Uξi , we have
f (a)= ((Π ◦f )(a), ξi)= (fi(a), ξi). (2)
Moreover we have
h∗(a)= h(a)= (fi(a), i). (3)
It follows from the fact h∗(a) ∈ (0,1] × {i} that g(a)= ((Π ◦h∗)(a), ξi). By (3), we have
(Π ◦h∗)(a)= fi(a). (4)
Therefore it follows from (2) and (4) that
g(a)= ((Π ◦h∗)(a), ξi)= (fi(a), ξi)= f (a).
So (i) is satisfied.
To prove (ii), it suffices to show the case ξ < γ , ξ 6= ξ1, . . . , ξn, because other cases
follow from (i) and the fact that g−1((0,1] × {ξi}) = (h∗)−1((0,1] × {i}) for every i =
1, . . . , n. Fix a ξ < γ , ξ 6= ξ1, . . . , ξn. First, we shall prove that Uξ ⊂ g−1((0,1]×{ξ})∩A.
Pick an a ∈ Uξ be arbitrarily. Since a ∈ Uξ = Vξ ∩ A, and h∗(a) = h(a) = (k(a),0) ⊂
(0,1] × {0}, we have a ∈ V ∗ξ and `(a) ∈ (0,1]. It follows that g(a)= (`(a), ξ)⊂ (0,1] ×
{ξ}. So we have Uξ ⊂ g−1((0,1] × {ξ}) ∩A. Next, to prove g−1((0,1] × {ξ}) ∩A⊂ Uξ ,
pick an a ∈ g−1((0,1]×{ξ})∩A. Since (j ◦g)(a)= ξ , we have a ∈ V ∗ξ ∩A⊂ Vξ ∩A=Uξ
by the definition of g. Hence g−1((0,1] × {ξ}) ∩ A ⊂ Uξ . So, (ii) is satisfied. Thus (6)
follows.
We shall prove (6)⇒ (1). Let {Uα | α < γ } be a disjoint collection of cozero-sets of
A satisfying
⋃{Uα | α < γ } is a cozero-set of A and any finitely many α1, . . . , αn’s < γ
satisfyingUαi = f−1αi ((0,1]) for some continuous functions fαi :A→[0,1] (i = 1, . . . , n).
Let h :A → [0,1] be a continuous function such that h−1((0,1]) = ⋃{Uα | α < γ ;
α 6= α1, . . . , αn}. Define a continuous map f :A→ J (γ ) by
f (a)=
{
(fαi (a), αi) if a ∈Uαi (i = 1, . . . , n),
(h(a), α) if a ∈Uα (α < γ, α 6= α1, . . . , αn),
θ otherwise.
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From assumption, there exists a continuous map g :X→ J (γ ) such that the conditions (i)
and (ii) are satisfied. Define, for each α < γ , U∗α = g−1((0,1] × {α}). Moreover, define
continuous functions f ∗αi :X→[0,1] (i = 1, . . . , n) by
f ∗αi (x)=
{
(Π ◦ g)(x) if x ∈U∗αi ,
0 otherwise.
Then {U∗α | α < γ } is a collection of cozero-sets of X and the conditions (a), (b) and (c)
are satisfied.
(6)⇒ (7) is easy to show. The proof of (7)⇒ (2) is similar to that of (6)⇒ (1). The
proof is completed. 2
Remark 3.3. In the definition of (P ∗)γ -embedding or (2) of Theorem 3.2, we can change
“a disjoint collection {Uα | α < γ } of cozero-sets of A satisfying ⋃{Uα | α < γ } is a
cozero-set of A” into “a discrete collection {Uα | α < γ } of cozero-sets of A”. Similarly, in
(3) or (4) of Theorem 3.2, we can change “a discrete collection {Uα | α < γ } of cozero-sets
ofA” into “a disjoint collection {Uα | α < γ } of cozero-sets ofA satisfying⋃{Uα | α < γ }
is a cozero-set of A”.
Since “zω +C∗ = C∗”, by (5) of Theorem 3.2, we have the following:
Corollary 3.4. A subspace A of a space X is C∗-embedded in X if and only if A is
(P ∗)ω-embedded in X.
Since (3) of Proposition 2.1 implies (6) of Theorem 3.2, we have the following:
Proposition 3.5. If A is a Pγ -embedded subspace ofX, then A is (P ∗)γ -embedded in X.
Remark 3.6. There exists a space with a subspace which is (P ∗)γ -embedded but not Pγ -
embedded. For example, in Kateˇtov’s Γ = βR−(βN−N) [11],N isC∗- and zγ -embedded
but notC-embedded in Γ . Easy examples show that (P ∗)γ -embedding need not be implied
by zγ -embedding.
By Hoshina [7], a subspace A of a space X is said to be Uγ -embedded in X if every
uniformly locally finite collection U of subsets of A with |U | 6 γ is uniformly locally
finite in X. Since Pγ -embedding implies Uγ -embedding [7, p. 52] and Uω-embedding
implies well-embedding ([7, Lemma 1.5] and [10]), we have the following corollary; with
Corollary 3.4 this answers to Ohta’s problem mentioned in the introduction.
Corollary 3.7. Let X be a space and A a subspace. A is Pγ -embedded in X if and only if
A is (P ∗)γ - and Uω-embedded in X.
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4. Approximations of continuous maps with hedgehog-values
In this section, we study two types of approximations of continuous maps with
hedgehog-values, where approximation means continuous maps on a subspace A of X
into J (γ ) are approximated (on A) by continuous maps on X into J (γ ). First, with this
notion we give another characterization of (P ∗)γ -embedding.
Theorem 4.1. Let X be a space and A a subspace. The following statements are
equivalent:
(1) A is (P ∗)γ -embedded in X;
(2) for every continuous map f :A→ J (γ ), any finitely many ξ1, . . . , ξn’s < γ and
any ε > 0, there exists a continuous map g :X→ J (γ ) such that the following
conditions are satisfied:
(i)′ ρ(g(a), f (a)) < ε for each a ∈ f−1(⋃ni=1((0,1] × {ξi})), and
(ii) g−1((0,1] × {ξ})∩A= f−1((0,1] × {ξ}) for each ξ < γ ;
(3) for every continuous map f :A→ J (γ ), any ξ1 < γ and any ε > 0 there exists a
continuous map g :X→ J (γ ) such that (i)′ and (ii) of (2) are satisfied.
Proof. (1) ⇒ (2) follows from (6) of Theorem 3.2. (2) ⇒ (3) is obvious. To prove
(3)⇒ (1), we assume (3) is satisfied. We shall show that (5) of Theorem 3.2 is satisfied. To
prove C∗-embedding of A, let Z0,Z1 be disjoint zero-sets of A. Let k :A→[1/4,1] be a
continuous function such that k−1({1/4})=Z0 and k−1({1})=Z1. Let i : [1/4,1]→ J (γ )
be the inclusion map so that i(r) = (r,0) for every r ∈ [1/4,1]. By the assumption,
there exists a continuous map g :X → J (γ ) such that ρ(g(a), (i ◦ k)(a)) < 1/4 for
every a ∈ (i ◦ k)−1((0,1] × {0})= A. We have that Z0 ⊂ g−1([0,1/2] × {0}) and Z1 ⊂
g−1([3/4,1]×{0}). Since g−1([0,1/2]×{0}) and g−1([3/4,1]×{0}) are disjoint zero-sets
in X, it follows that Z0 and Z1 are completely separated in X. Hence A is C∗-embedded
in X. And it follows from (4) of Lemma 2.2 that A is zγ -embedded in X. Hence A is
(P ∗)γ -embedded in X, it completes the proof. 2
Theorem 4.1 suggests a characterization of Pγ -embedding in terms of approximations
of continuous maps into J (γ ).
Theorem 4.2. A subspace A of a space X is Pγ -embedded in X if and only if for every
continuous map f :A→ J (γ ), any subset Ω of γ with |Ω |6 ω and any ε > 0 there exists
a continuous map g :X→ J (γ ) such that the following two conditions are satisfied:
(i)′ ρ(g(a), f (a)) < ε for each a ∈ f−1(⋃ξ∈Ω((0,1] × {ξ})), and
(ii) g−1((0,1] × {ξ})∩A= f−1((0,1] × {ξ}) for each ξ < γ .
To prove this, we need a lemma.
Lemma 4.3. Let X be a space and A a subspace. Assume that for every continuous
map f :A→ J (ω) and any ε > 0, there exists a continuous map g :X→ J (ω) such that
ρ(g(a), f (a)) < ε for each a ∈A. Then A is well-embedded in X.
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Proof. Let Z be a zero-set of X disjoint from A. It suffices to show that there exists a
zero-set of X which contains A and is disjoint from Z. Let f :X→[0,1] be a continuous
function such that Z = f−1({0}). Let
G1 =
{
f−1
((
1
4n+ 2 ,
1
4n− 1
))
∩A ∣∣ n ∈N}
and
F1 =
{
f−1
([
1
4n+ 1 ,
1
4n
])
∩A ∣∣ n ∈N}.
Since
⋃G1 is a cozero-set of A and ⋃F1 is a zero-set of A, there exists a continuous
function k :A→ [0,1] such that k−1({1}) = ⋃F1 and k−1((0,1]) = ⋃G1. Define a
continuous map h :A→ J (ω) such that
h(a)=
{
(k(a), n) if a ∈ f−1
((
1
4n+ 2 ,
1
4n− 1
))
∩A (n ∈N),
θ otherwise.
From the assumption, there exists a continuous map g :X→ J (ω) such that ρ(g(a),h(a))
< 1/2 for each a ∈A. Then we have f−1([1/(4n+1),1/(4n)])∩A⊂ g−1([1/2,1]×{n})
for each n ∈N. Put
Z1n = f−1
([
1
4n+ 1 ,
1
4n
])
∩ g−1
([
1
2
,1
]
× {n})
for every n ∈ N. Then Z1 = {Z1n | n < ω} is a discrete collection of zero-sets of X which
has a discrete expansion of cozero-sets of X.
In the same way, we also take a discrete collection Zi of zero-sets of X which has a
discrete expansion of cozero-sets of X corresponding to the discrete collection
Gi =
{
f−1
((
1
4n+ 3− i ,
1
4n− i
))
∩A ∣∣ n ∈N}
of cozero-sets of A and a collection
Fi =
{
f−1
([
1
4n+ 2− i ,
1
4n+ 1− i
])
∩A ∣∣ n ∈N}
of zero-sets of A, where i = 2,3 and 4 (in particular, let f−1((1/(4n+ 3 − i),1/(4n−
i))) = f−1((1/(4n + 3 − i),1]) in the case of i = 4 and n = 1). Then, ⋃{Zin | n ∈ N,
i = 1, . . . ,4} is a zero-set of X which contains A and is disjoint from Z. Thus A is well-
embedded in X, it completes the proof. 2
Proof of Theorem 4.2. We only prove the “if” part, because the “only if” part easily
follows from (3) of Proposition 2.1. To prove the “if” part, we assume the condition
of the “if” part of Theorem 4.2 to be satisfied. We first show that the assumption of
Lemma 4.3 is satisfied. To see this, let f :A→ J (ω) be a continuous map and ε > 0.
Let i :J (ω)→ J (γ ) be the inclusion map such as i(x) = (Π(x), j (x)) if Π(x) > 0
and i(θ) = θ . From the assumption of Theorem 4.2, there exists a continuous map
k :X→ J (γ ) such that ρ(k(a), (i ◦f )(a)) < ε for each a ∈ (i ◦f )−1(⋃ξ<ω((0,1]×{ξ}))
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and k−1((0,1] × {ξ}) ∩ A= (i ◦ f )−1((0,1] × {ξ}) for each ξ < γ . Define a continuous
map h :J (γ )→ J (ω) by
h(y)=
{
(Π(y), j (y)) if j (y) < ω,
θ otherwise.
Let g = h◦k. Then ρ(g(a), f (a)) < ε for each a ∈A. Hence g :X→ J (ω) is the required
map satisfying the assumption of Lemma 4.3. It follows from Lemma 4.3 that A is well-
embedded in X. On the other hand, A is zγ -embedded in X because of (3) of Lemma 2.2.
Hence A is Pγ -embedded in X. 2
In view of conditions (i)′ of Theorem 4.1(2) and (i)′ of Theorem 4.2, we see that the
difference between Pγ and (P ∗)γ -embedding only depends on the number of spines on
which continuous maps can be approximated. The following Corollary 4.4 immediately
follows from Proposition 2.1 and Theorem 4.2. This result and (6) of Theorem 3.2 show
that the difference of these extension properties also appears on the number of spines on
which continuous maps can be extended.
Corollary 4.4. A subspace A of a space X is Pγ -embedded in X if and only if for
every continuous map f :A→ J (γ ) and any subset Ω of γ with |Ω | 6 ω there exists
a continuous map g :X→ J (γ ) such that the following two conditions are satisfied:
(i) g(a)= f (a) for each a ∈ f−1(⋃ξ∈Ω((0,1] × {ξ})), and
(ii) g−1((0,1] × {ξ})∩A= f−1((0,1] × {ξ}) for each ξ < γ .
Remark 4.5. Lemma 4.3 cannot be reversed. Because, in Corollary 4.8, C-embedding of
A will be implied from the assumption of Lemma 4.3.
Next we characterize Pγ - or zγ -embedding by another type of approximation of the
hedgehog-valued continuous maps. At first we give a technical lemma.
Lemma 4.6. Let X be a space and A a subspace. Assume that for any continuous map
f :A→ J (γ ) there exists a cozero-set G of X containing A and a continuous map
g :G→ J (γ ) such that ρ(g(a), f (a)) < 1/3 for each a ∈ A. Then for any discrete
collection {Gα | α < γ } of cozero-sets of A and a collection {Fα | α < γ } of zero-sets
of A satisfying Fα ⊂Gα for every α < γ , there exist a cozero-set H of X containing A,
a discrete collection {G∗α | α < γ } of cozero-sets of H and a collection {F ∗α | α < γ } of
zero-sets of H such that Fα ⊂ F ∗α ⊂G∗α and G∗α ∩A⊂Gα for every α < γ . Moreover if
in addition we always assume G=X for every f , then we can take H =X.
Proof. Let {Gα | α < γ } be a discrete collection of cozero-sets of A and {Fα | α < γ }
be a collection of zero-sets of A such that Fα ⊂ Gα for every α < γ . Since ⋃α<γ Gα
is a cozero-set of A and
⋃
α<γ Fα is a zero-set of A, there exists a continuous function
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h :A→ [0,1] such that h−1({1}) = ⋃α<γ Fα and h−1((0,1]) = ⋃α<γ Gα . Define a
continuous map f :A→ J (γ ) by
f (a)=
{
(h(a),α) if a ∈Gα (α < γ ),
θ otherwise.
From the assumption, there exists a cozero-setG of X containing A and a continuous map
g :G→ J (γ ) such that ρ(g(a), f (a)) < 1/3 for each a ∈A. LetG∗α = g−1((1/3,1]×{α})
and F ∗α = g−1([2/3,1] × {α}) for every α < γ . Then, {G∗α | α < γ } and {F ∗α | α < γ } are
the required collections. The last statement is easily seen. The proof is completed. 2
Theorem 4.7. A subspace A of a space X is Pγ -embedded in X if and only if for every
continuous map f :A→ J (γ ) and any ε > 0 there exists a continuous map g :X→ J (γ )
such that ρ(g(a), f (a)) < ε for every a ∈A.
Proof. We only prove the “if” part, because the “only if” part follows from (3) of
Proposition 2.1. We assume the condition of the “if” part is satisfied. Let {Uα | α < γ }
be a uniformly discrete collection of subsets of A. By Blair [3, Theorem 4.6], to prove
Pγ -embedding of A, it suffices to show that {Uα | α < γ } is uniformly discrete also in X.
Take a discrete collection {Gα | α < γ } of cozero-sets of A and a collection {Fα | α < γ }
of zero-sets of A such that Uα ⊂ Fα ⊂Gα for every α < γ . By Lemma 4.6, there exists a
discrete collection {G∗α | α < γ } of cozero-sets of X and a collection {F ∗α | α < γ } of zero-
sets of X such that Fα ⊂ F ∗α ⊂ G∗α for every α < γ . Thus, {Uα | α < γ } is a uniformly
discrete collection of X. Hence A is Pγ -embedded in X. It completes the proof. 2
Corollary 4.8. A subspace A of a space X is C-embedded in X if and only if for every
continuous map f :A→ J (ω) and any ε > 0 there exists a continuous map g :X→ J (ω)
such that ρ(g(a), f (a)) < ε for every a ∈A.
In [4, Theorem 2.2] Blair and Hager proved that a subspace A of a space X is z-
embedded in X if and only if for any continuous function f :A→ [0,1] and any ε > 0
there exist a cozero-setG ofX containingA and a continuous function g :G→[0,1] such
that |g(a)− f (a)|< ε for each a ∈ A. Theorem 4.9 below extends this result to the case
of zγ -embedding; (1)⇔ (2) was stated by Tsukada [19], however his proof is incomplete.
Here we give our proof using the technique in Blair and Hager [4].
Theorem 4.9. Let X be a space and A a subspace. The following statements are
equivalent:
(1) A is zγ -embedded in X;
(2) for every continuous map f :A→ J (γ ) and any ε > 0 there exist a cozero-set G of
X containing A and a continuous map g :G→ J (γ ) such that ρ(g(a), f (a)) < ε
for every a ∈A;
(3) for every continuous map f :A → (J (γ )ω,ρ′) and any ε > 0, there exists a
cozero-set G containing A and a continuous map g :G→ (J (γ )ω,ρ′) such that
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ρ′(g(a), f (a)) < ε for each a ∈ A, where ρ′ is the metric defined by ρ′(x, y) =∑∞
i=1 2−iρ(xi, yi) for every x = (x1, x2, . . .) and y = (y1, y2, . . .) ∈ J (γ )ω .
Proof. To prove (1)⇒ (2), assume A is zγ -embedded in X. Let f :A→ J (γ ) be a
continuous map and ε > 0. We can assume ε 6 1. Take a positive integer n such that
nε 6 1< (n+ 1)ε. For every ξ < γ , we put
U1ξ = f−1
(
(0, 2ε)× {ξ}),
Uiξ = f−1
((
(i − 1)ε, (i + 1)ε)× {ξ})
for i = 2, . . . , n− 1 and
Unξ = f−1
((
(n− 1)ε, 1]× {ξ}).
Since {f−1((0,1] × {ξ}) | ξ < γ } is a disjoint collection of cozero-sets of A and whose
union is a cozero-set of A, from (3) of Lemma 2.2, there exists a disjoint collection
{W∗ξ | ξ < γ } of cozero-sets of X such that
⋃{W∗ξ | ξ < γ } is a cozero-set of X and
W∗ξ ∩ A = f−1((0,1] × {ξ}) for each ξ < γ . Since A is z-embedded in X, there exists
a cozero-set Ui∗ξ of X such that Ui∗ξ ∩A=Uiξ for every ξ < γ and i = 1, . . . , n. Similarly,
there exists a cozero-setH0 of X such that
H0 ∩A= f−1
(⋃
ξ<γ
([0, ε)× {ξ})).
Let Hiξ =Ui∗ξ ∩W∗ξ for each ξ < γ and i = 1, . . . , n.
Here we shall show that
⋃
ξ<γ H
i
ξ is a cozero-set of X for every i = 1, . . . , n. Since Hiξ
is a cozero-set of X, it is a cozero-set of W∗ξ . Then,
⋃
ξ<γ H
i
ξ is a cozero-set of
⋃
ξ<γ W
∗
ξ ,
because {W∗ξ | ξ < γ } is a disjoint open collection. Since
⋃
ξ<γ W
∗
ξ is a cozero-set of X, it
follows that
⋃
ξ<γ H
i
ξ is a cozero-set of X.
Let gi :A→[0,1] (i = 0,1, . . . , n) be continuous functions such that H0 = g−10 ((0,1])
and
⋃
ξ<γ H
i
ξ = g−1i ((0,1]). Put G=H0 ∪
⋃{Hiξ | ξ < γ ; i = 1, . . . , n}. Then it is clear
that G is a cozero-set of X and contains A. Since g0 + g1 + · · · + gn is positive on G, we
can define g′i :G→[0,1] by
g′i =
gi
g0 + g1 + · · · + gn
for every i = 0,1, . . . , n. Then, ∑ni=0 g′i = 1 and g′i (i = 0,1, . . . , n) are continuous (on
G). Consequently we define a continuous function k :G→[0,1] by k = ε(∑ni=1 i·g′i ). The
required map g :G→ J (γ ) can be defined by
g(x)=
{
(k(x), ξ) if x ∈⋃ni=1Hiξ (ξ < γ ),
θ otherwise.
Just as in Blair and Hager [4], it follows that g is continuous and ρ(g(a), f (a)) < ε for
each a ∈A, which proves (1)⇒ (2).
To prove (2)⇒ (3), we assume (2) is satisfied. Let f :A→ J (γ )ω be a continuous
map and any ε > 0. Let an n ∈ N such that 2n−1ε > 1. From the assumption, for each
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i = 1, . . . , n, there exist a cozero-set Gi contains A and a continuous map gi :Gi→ J (γ )
such that ρ(gi(a), (pi ◦f )(a)) < ε/n for each a ∈ A, where pi is the projection from
J (γ )ω into the ith coordinate J (γ ). Define a map g :
⋂n
i=1Gi→ J (γ )ω such that
g(x)= (g1(x), . . . , gn(x), θ, θ, . . .)
for each x ∈⋂ni=1Gi . Then it is easy to show that g is continuous and ρ(g(a), f (a)) < ε
for each a ∈A, which proves (2)⇒ (3).
To prove (3)⇒ (1), assume (3) is satisfied. Let f :A→ J (γ ) be a continuous map.
We first show that there exists a cozero-set G of X containing A and a continuous
map g :G→ J (γ ) such that ρ(g(a), f (a)) < 1/3 for each a ∈ A. Define an inclusion
map i :J (γ )→ J (γ )ω by i(y)= (y, θ, θ, . . .) for every y ∈ J (γ ). From the assumption,
there exist a cozero-set G of X containing A and a continuous map g :G→ J (γ )ω
such that ρ′(g(a), (i ◦f )(a)) < 1/6 for every a ∈ A. Let p1 be the projection map from
J (γ )ω to the first coordinate J (γ ), i.e., p1(y)= y1 for y = (yi) ∈ J (γ )ω. Then the map
p1◦g :G→ J (γ ) satisfies ρ((p1◦g)(a), f (a)) < 1/3 for every a ∈A. To show that (2) of
Lemma 2.2, let {Gα | α < γ } be a discrete collection of cozero-sets ofA and {Fα | α < γ } a
collection of zero-sets of A with Fα ⊂Gα for each α < γ . From Lemma 4.6, there exists a
cozero-setH ofX containingA and a discrete collection {G∗α | α < γ } of cozero-sets ofH
such that Fα ⊂G∗α and G∗α ∩A⊂Gα for every α < γ . Let h :X→[0,1] be a continuous
functions such that h−1((0,1])=H . Let Hiα =G∗α ∩ h−1((1/i, 1]) for every α < γ and
i ∈N. It is easy to see that Hi = {Hiα | α < γ } is a discrete collection of cozero-sets of X
satisfying thatHiα ∩A⊂Gα and Fα ⊂⋃i∈NHiα for each α < γ . From (2) of Lemma 2.2,
A is zγ -embedded in X. It completes the proof. 2
As is known, every ˇCech-complete metric space Y with weight Y 6 γ can be
homeomorphically embedded in J (γ )ω as a closed subset (e.g., [5]). Hence, in view of
Theorem 4.9, the following problem naturally arises. A similar problem is stated in [19].
Note that the corresponding case of Pγ -embedding is positive by Przymusin´ski [17] (see
(4) of Proposition 2.1).
Problem 4.10. Can “J (γ )” be changed into “any ˇCech-complete AR space with weight
6 γ for some (or any) metric ρ′ ” in (2) of Theorem 4.9?
Remark 4.11. Theorem 4.7 or Corollary 4.8 can also be shown by Lemma 4.3 and
Theorem 4.9.
5. Weak zγ -embedding
In the arguments in preceding sections one may naturally ask, for a subspace
A of a space X, what condition plus z-embedding is equal to zγ -embedding. Such a
condition seems to have been unknown. We can easily see that such a condition plus C∗-
embedding (respectively C-embedding) would be equal to (P ∗)γ -embedding (respectively
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Pγ -embedding). In [14] Morita and Hoshina proved a related result that A is Pγ -
embedded in X if and only if A is C-embedded in X and for every discrete collection
{Fα | α < γ } of zero-sets of A having a discrete expansion {Gα | α < γ } of cozero-sets
of A there exists a locally finite collection {Hα | α < γ } of cozero-sets of X such that
Fα ⊂Hα ∩ A⊂Gα for each α < γ . It is easy to show that the latter condition implies A
being zγ -embedded inX. Extending this condition, in view of (2) of Lemma 2.2, we define
weak zγ -embedding as follows.
Let X be a space and A a subspace. We say that A is weakly zγ -embedded in X if for
any uniformly discrete collection {Fα | α < γ } of zero-sets of A (i.e., discrete collection
{Fα | α < γ } of zero-sets of A that has a discrete expansion of cozero-sets of A), for each
i < ω there exists a locally finite collection Hi = {Hiα | α < γ } of cozero-sets of X such
that Fα ⊂⋃{Hiα | i < ω} for each α < γ . If A is weakly zγ -embedded in X for every γ ,
A is said to be weakly z∞-embedded in X. Note that any subspace of any space is weakly
zω-embedded. Since (2) of Lemma 2.2 implies weak zγ -embedding, any zγ -embedded
subspace is weakly zγ -embedded.
We now prove the following proposition which was stated in the introduction. (1) of the
following proposition gives an answer to the above question. In [7, Theorem 1.7] Hoshina
actually proved that A is Uγ -embedded in X if and only if A is Uω-embedded in X and
every uniformly discrete collection U of zero-sets of A with | U |6 γ is uniformly locally
finite in X; the latter condition trivially implies weak zγ -embedding of A over X. Hence
(4) of the following proposition extends this result.
Proposition 5.1. Let X be a space and A a subspace.
(1) A is zγ -embedded in X if and only if A is z- and weakly zγ -embedded in X.
(2) A is (P ∗)γ -embedded in X if and only if A is C∗- and weakly zγ -embedded in X.
(3) A is Pγ -embedded in X if and only if A is C- and weakly zγ -embedded in X.
(4) A is Uγ -embedded in X if and only if A is Uω- and weakly zγ -embedded in X.
To prove this, we need a lemma; the proof is easy and omitted.
Lemma 5.2. A subspace A of a space X is weakly zγ -embedded in X if and only if for
any uniformly discrete collection {Fα | α < γ } of zero-sets of A, there exist a locally finite
collection {Hiα | α < γ } of cozero-sets of X, a collection {Ziα | α < γ } of zero-sets of A
and a collection {Eiα | α < γ } of cozero-sets of A for each i < ω such that the following
conditions are satisfied:
(a) Eiα ⊂Ziα ⊂Hiα for each α < γ and i < ω, and
(b) Fα ⊂⋃{Eiα | i < ω} for each α < γ .
Proof of Proposition 5.1. We easily verify (1) is satisfied by (2) of Lemma 2.2. (2)
follows from (5) of Theorem 3.2 and (1) of this proposition. As was commented in
Section 2, since A is C- (respectively Pγ -) embedded in X if and only if A is z-
(respectively zγ -) embedded and well-embedded in X, (3) also follows from (1) of this
proposition.
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Let us prove (4). From the definitions, obviously, Uγ -embedding implies weak zγ -
embedding. Hence, the “only if” part is clear. To prove the “if” part, we assume A is
Uω- and weak zγ -embedded in X. Let {Fα | α < γ } be a uniformly discrete collection
of zero-sets of A. To prove Uγ -embedding of A, it suffices to show that {Fα | α < γ } is
uniformly locally finite in X. Since A is weakly zγ -embedded in X, there exists a locally
finite collection {Hiα | α < γ } of cozero-sets of X, a collection {Ziα | α < γ } of zero-
sets of A and a collection {Eiα | α < γ } of cozero-sets of A for each i < ω such that the
conditions (a) and (b) of Lemma 5.2 are satisfied. For every n < ω, let
Un =
(
A−
⋃{
Fα | α < γ
}) ∪(⋃
i6n
⋃
α<γ
(
Eiα ∩A−
⋃{
Fβ | β < γ ;β 6= α
}))
.
Then, {Un | n < ω} is an increasing cover of cozero-sets of A. Since A is Uω-embedded
in X, by [7, Corollary 1.4], there exist a locally finite cover {Wn | n < ω} of cozero-sets
of X and a cover {Vn | n < ω} of zero-sets of X such that Vn ⊂Wn and Wn ∩A⊂ Un for
every n < ω. Note that {Wn ∩Hiα | i 6 n, α < γ, n < ω} is a locally finite collection of
cozero-sets of X and that {Vn ∩ Ziα | i 6 n, α < γ, n < ω} is a collection of zero-sets of
X such that Vn ∩Ziα ⊂Wn ∩Hiα for each i 6 n,n < ω and α < γ . We put
G∗α =
⋃
n<ω
⋃
i6n
(
Wn ∩Hiα
)
and F ∗α =
⋃
n<ω
⋃
i6n
(
Vn ∩Ziα
)
for every α < γ . Then, {G∗α | α < γ } is a locally finite collection of cozero-sets of X and
{F ∗α | α < γ } is a collection of zero-sets ofX such that F ∗α ⊂G∗α for each α < γ . Moreover,
it is easy to see that Fα ⊂ F ∗α for each α < γ . Thus, {Fα | α < γ } is uniformly locally finite
in X, the proof of (4) is completed. 2
It is known that every closed subspace of a space X is Pγ -embedded in X if and only
if X is γ -collectionwise normal (e.g., [1]). On the other hand, by [3, Theorem 6.1], every
closed subspace of X is zγ -embedded in X if and only if X is γ -collectionwise normal.
Hence, by Propositions 3.1 and 3.5 and these results, we also have that every closed
subspace of X is (P ∗)γ -embedded in X if and only if X is γ -collectionwise normal.
Remark 5.3.
(1) Bing’s exampleG [2] contains a closed C-embedded but not weakly zω1 -embedded
subspace.
(2) Let Y be any countably compact space which is not normal. Then Y contains a
closed and non-z-embedded subspace which is weakly z∞-embedded in Y .
The following proposition is to be compared with results of Hoshina in [9, Section 3] or
[8] on unions of Pγ or zγ -embedded subspaces; note that (1) and (2) do not hold in general
for Pγ or zγ -embedding even in the case of taking finite unions.
Proposition 5.4.
(1) If Ai is a weakly zγ -embedded subspace of X for every i < ω, then
⋃
i<ω Ai is
weakly zγ -embedded in X.
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(2) If {Aλ | λ ∈ Λ} is a collection of weakly zγ -embedded subspaces of X that has a
locally finite expansion of cozero-sets of X, then ⋃λ∈ΛAλ is weakly zγ -embedded
in X.
(3) Let {Aλ | λ ∈ Λ} be a uniformly locally finite collection of (P ∗)γ -embedded sub-
spaces of X. If Aλ ∪Aµ is C∗-embedded in X for every λ,µ ∈Λ, then ⋃λ∈ΛAλ is
(P ∗)γ -embedded in X.
Proof. (1) is easy to show. To prove (2), let {Aλ | λ ∈ Λ} be a collection of weakly
zγ -embedded subspaces of X and {Bλ | λ ∈ Λ} a locally finite collection of cozero-sets
of X such that Aλ ⊂ Bλ for each λ ∈ Λ. Let {Gα | α < γ } be a discrete collection of
cozero-sets of
⋃
λ∈ΛAλ and {Fα | α < γ } a collection of zero-sets of
⋃
λ∈ΛAλ such
that Fα ⊂ Gα for each α < γ . Since Aλ is weakly zγ -embedded in X, there exists a
locally finite collection Hλi = {Hλiα | α < γ } of cozero-sets of X for each i < ω such that
Fα ∩Aλ ⊂⋃{Hλiα | i < ω} for each α < γ . LetWλiα =Hλiα ∩Bλ for each λ ∈Λ, α < γ and
i < ω. For every i < ω, {Wλiα | λ ∈Λ, α < γ } is a locally finite collection of cozero-sets of
X. Hence {⋃λ∈ΛWλiα | α < γ } is a locally finite collection of cozero-sets of X. Moreover,
Fα =
⋃
λ∈Λ
(
Fα ∩Bλ
)⊂⋃
λ∈Λ
⋃
i<ω
(
Hλiα ∩Bλ
)=⋃
i<ω
(⋃
λ∈Λ
Wλiα
)
for each α < γ . The proof of (2) is completed.
(3) is implied by (2) of Theorem 5.1, (2) of this proposition and [13] (see [9, Theo-
rem 3.18]). 2
By Proposition 5.1 and (1) of Proposition 5.4, we have the following result; the case of
zγ -embedding was shown in [8, Theorem 1].
Corollary 5.5. Let Ai (i < ω) be zγ - (respectively (P ∗)γ -, Pγ - or Uγ -) embedded
subspaces of X. Then, ⋃i<ω Ai is zγ - (respectively (P ∗)γ -, Pγ - or Uγ -) embedded in
X if and only if ⋃i<ω Ai is z- (respectively C∗-, C- or Uω-) embedded in X.
Added in proof.
(1) Recently, Professor V. Gutev kindly sent to the author an e-mail showing that
Problem 4.10 is affirmative.
(2) The author recently noticed that, in the definition of weak zγ -embedding, “uni-
formly discrete collection {Fα | α < γ } of zero-sets” can be changed into more
naturally “uniformly locally finite collection {Fα | α < γ } of subsets” or “locally
finite collection {Fα | α < γ } of cozero-sets”.
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